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Recently, the nodal line semimetals have attracted considerable interests in condensed matter physics. We
show that their distinct band structure can be detected by measuring the collective modes. In particular, we find
that the dependence of the plasmon frequency ωp on the electron density n follows a ωp ∼ n1/4 law in the long
wavelength limit. Our results will be useful in the ongoing search for new candidates of nodal line semimetals.
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I. INTRODUCTION
During the last decade topological insulators have gener-
ated intense interests in condensed matter physics1–3. These
novel classes of material have insulating bulk but robustly
metallic surface. This peculiar feature has its origin in the
topological nontriviality of the band structures, described in
terms of topological invariants4–13. Since the bulk samples of
topological insulators are quite inert, all the highly interesting
phenomena are produced by the topological surface states.
More recently, the topological properties of several classes
of semimetals are recognized and discovered experimentally,
among which are the topological Dirac semimetals14–24 and
Weyl semimetals25–29. In the Weyl semimetals, there exist
topologically protected band touching points, termed as the
Weyl points, which serve as magnetic monopoles of the Berry
gauge field in the reciprocal space. They exhibit novel trans-
port and optical phenomena induced by chiral anomaly30–41.
The locations of Weyl points are tunable by the environ-
mental conditions such as pressure and magnetic field, but
it is impossible to eliminate a single Weyl point without
breaking the translational symmetry of the crystals33,34,42–45.
The real materials of Weyl semimetal have been discovered
very recently46–55(Meanwhile, the photonic analog of Weyl
semimetals has also been discovered56–58).
Another class of topological semimetal in three spatial di-
mensions is the topological nodal line semimetal59–75, which
features a line of band-touching points in the band struc-
ture. Unlike the Weyl points in Weyl semimetals, certain
symmetries are required to ensure the stability of the gap-
less nodal lines68,74 in semimetals. Partially gapping out the
nodal lines can leave certain isolated points gapless, real-
izing the Weyl semimetal46. In this sense, the nodal line
semimetals can be regarded as intermediate systems bridging
the conventional metals and Weyl semimetals. Meanwhile,
the nodal line phases have also been proposed in the photonic
crystals57,58, which pave the way for the construction of pho-
tonic Weyl crystals. Several materials, including Cu3PdN67,68
and Ca3P270, have emerged as candidates of the nodal line
semimetals.
Considering the unique band structures of the nodal line
semimetals, which are significantly different from both the or-
dinary metals with large Fermi surfaces and Weyl semimetals
with nodal points, it is natural to study the behavior of col-
FIG. 1: An illustration of the Fermi surfaces of a nodal line
semimetal, for nonzero Fermi energy EF .
lective modes, including the plasmon. In the case of three-
dimensional Dirac and Weyl semimetals, the plasmon fre-
quency in the long-wavelength limit follows the ωp ∼ n1/3
law76, where ωp is the plasmon frequency, and n is the elec-
tron density, which is distinct from the usual ωp ∼ n1/2 be-
havior of an ordinary electron liquids. In this paper we study
the plasmon in the nodal line semimetals, and find a ωp ∼ n1/4
law for the plasmon frequency in the regime that the interband
contribution can be neglected. In the regime of very small
doping, for which the interband contribution is important, the
dispersion crossovers to a ωp ∼ n1/2 law. The novel features
of the collective modes are useful in establishing new candi-
dates for the nodal line semimetals.
The rest of this paper is organized as follows. In Sec.II we
present our results of the polarizablity. Based on these results
we study the behavior of the plasmon in Sec.III, obtaining the
dependence of plasmon frequency on the electron density.
II. THE MODEL OF NODAL LINE SEMIMETAL AND
THE POLARIZABILITY
We study a continuous model with the Hamiltonian74 given
by H = ∑k ˆΦ†kH0(k) ˆΦk with ˆΦ†k = (cˆ†k↑, cˆ†k↓) and
H0(k) = (m − Bk2⊥)σx + kzσz, (1)
where k2⊥ = k2x + k2y , andσx and σz are Pauli matrices, and
m and B are positive constants with the dimension of energy
2and the inverse of energy, respectively. A sketch of the Fermi
surface at nonzero chemical potential is shown in Fig.1. This
Hamiltonian can be diagonalized by a simple transformation:(
cˆk↑
cˆk↓
)
=
(
cos θk − sin θk
sin θk cos θk
) (
cˆ+,k
cˆ−,k
)
, (2)
with θk = 12 arctan((m − Bk2⊥)/kz). The diagonalized Hamilto-
nian reads
H =
∑
kα
αEkcˆ†α,kcˆα,k (3)
with Ek =
√
(Bk2⊥ − m)2 + k2z and α = +,−.
In the imaginary frequency, the lowest-order polarizability
is given as
P(q, iω) = −1
v
∫ β
0
dτeiωτ < Tτρˆ(q, τ)ρˆ(−q, 0) >, (4)
where v is the volume of the system, and ρˆ(q, τ) =∑
kσ cˆ
†
k+qσ(τ)cˆkσ(τ). Standard calculations lead to the polar-
izability at finite temperature (kBT ≡ 1/β):
P(q, ω) = 1
2v
∑
k,αα′
f (αEk+q) − f (α′Ek)
ω + αEk+q − α′Ek + iη (1 + αα
′ cos 2δθkq),(5)
where δθkq = θk+q − θk, and f (E) = 1/(1 + eβ(E−µ)) is the
Fermi-Dirac distribution function with µ the chemical poten-
tial; α, α′ take the two value +,−. A small imaginary part
iη is introduced to account for the decay of quasi-electrons.
At zero temperature, the chemical potential µ is equivalent to
the Fermi energy EF . In the following, we shall focus on the
cases of EF > 0, while the cases of EF < 0 are essentially
equivalent. The plasmon frequency is determined by
ǫ(q, ω) ≡ 1 − v(q)P(q, ω) = 0, (6)
indicating the presence of self-sustaining collective modes. In
this work we shall be most interested in the long wave-length
limit q → 0.
There are four contributions to P(q, ω), corresponding to
α, α′ = +,− in Eq.5. In the zero-temperature limit, only three
of them are nonzero, which are the intraband part P++(q, ω)
and the two interband parts P+−(q, ω) and P−+(q, ω). In the
regime max{2
√
1 + mEF qx,y, qz} < ω < 2EF , we can see that
ImP(q, ω) = 0, thus we only need to calculate the real part of
P(q, ω). For the ++ part P++(q, ω) we have
ReP++(q → 0, ω)
= Re
 12v
∑
k
f (Ek+q) − f (Ek)
ω + Ek+q − Ek + iη (1 + cos 2δθkq)

= Re
 12v
∑
k
Θ(EF − Ek+q) − Θ(EF − Ek)
ω + Ek+q − Ek + iη (1 + cos 2δθkq)

=
∫ ∞
−m
dy
4π2
(2(y + m)y
2
E2F
q2⊥
ω2
+
(E2F − y2)
E2F
q2z
Bω2
) EF√
E2F − y2
Θ(E2F − y2). (7)
When EF < m, we obtain that (see the appendix)
ReP++(q → 0, ω) = C⊥++q2⊥ +Cz++q2z (8)
with q2⊥ = q2x + q2y,
C⊥++ =
E2Fm˜
4πω2
, (9)
and
Cz++ =
E2F
8πω2 ˜B
, (10)
where we have defined the dimensionless quantities m˜ ≡
m/EF , and ˜B ≡ BEF .
On the other hand, when EF > m we find that
ReP++(q → 0, ω) = 14π2 [g1(m˜)
E2Fq
2
⊥
ω2
+ g2(m˜)
E2Fm˜q
2
⊥
ω2
+g3(m˜)
E2Fq
2
z
˜Bω2
], (11)
where g1,2,3 are three dimensionless functions:
g1(x) = 23
√
1 − x2(2 + x2),
g2(x) = 12
(
π
2
+ arcsin x − x
√
1 − x2
)
g3(x) = 12
(
π
2
+ arcsin x + x
√
1 − x2
)
(12)
Another contribution to the polarizability, P+−, is given by
P+−(q → 0, ω) = 12v
∑
k
f (Ek+q) − f (−Ek)
ω + Ek+q + Ek + iη
(1 − cos 2δθkq)
=
1
2v
∑
k
Θ(EF − Ek+q) − 1
ω + Ek+q + Ek + iη
(1 − cos 2δθkq)
=
1
2v
∑
[k]
−1
ω + 2Ek + iη
(1 − cos 2δθkq), (13)
where [k] denotes the summation (or integral) over k with the
variable restricted to the region Ek > EF . Similarly, the last
contribution to the polarizability is
P−+(q → 0, ω) = 12v
∑
[k]
1
ω − 2Ek + iη (1 − cos 2δθkq), (14)
In the q → 0 limit, (1−cos 2δθkq) can be safely expanded as
(1 − cos 2δθkq) = [(m−Bk
2)qz−2Bk⊥q⊥kz cosφ]2
2E4k
, where φ is the angle
between the projection of k and q to the kx-ky plane, thus we
have
ReP+−(q → 0, ω)
= − 12v
∑
[k]
ω + 2Ek
(ω + 2Ek)2 + η2
[(m − Bk2⊥)qz − 2Bk⊥q⊥kz cosφ]2
2E4k
, (15)
3and
ReP−+(q → 0, ω)
=
1
2v
∑
[k]
ω − 2Ek
(ω − 2Ek)2 + η2
[(m − Bk2⊥)qz − 2Bk⊥q⊥kz cosφ]2
2E4k
. (16)
The small imaginary part η is relevant only for P−+, because
there exists a resonance at ω = 2Ek in P−+, therefore, we omit
iη in ReP++ and ReP+−. In addition, we notice that there exists
a logarithmic divergence in both ReP+− and ReP−+, which is
due to the presence of the infinite Dirac sea, an artifact of the
continuous model, therefore, we introduce a cutoff as follows:
k2⊥ < k2⊥,c and kz < kz,c, with Bk2⊥,c = kz,c = Λ. For the simplic-
ity of notations, we also introduce dimensionless quantities
ω˜ = ω/EF , x˜ ≡ (Bk2⊥ − m)/EF , z˜ ≡ kz/EF , η˜ ≡ η/EF and
˜Λ = Λ/EF .
In the regime EF < m, ReP+− can be simplified to
ReP+−(q → 0, ω) = C⊥+−q2⊥ + Cz+−q2z (17)
with
Cz+− = −
1
16π2 ˜B
[∫ 1
−1
dx˜
∫ +∞
√
1−x˜2
dz˜ +
(∫ +∞
1
+
∫ −1
−m˜
)
dx˜
∫ +∞
0
dz˜
]
ω˜ + 2 ˜Ek
(ω˜ + 2 ˜Ek)2
x˜2
(x˜2 + z˜2)2 , (18)
where ˜Ek =
√
x˜2 + z˜2 (Since the integral is convergent, we
have put the upper-limit of integration to infinity), and
C⊥+− =

∫ 1
−1
dx˜
∫ +∞
√
1−x˜2
dz˜ + +
∫ −1
−m˜
dx˜
∫ +∞
0
dz˜ +
∫
˜Λ
1
dx˜
∫
˜Λ
0
dz˜

−1
8π2
ω˜ + 2 ˜Ek
(ω˜ + 2 ˜Ek)2
(x˜ + m˜)z˜2
(x˜2 + z˜2)2 , (19)
Similarly, we also find that
ReP−+(q → 0, ω) = C⊥−+q2⊥ + Cz−+q2z (20)
with
Cz−+ =
1
16π2 ˜B
[∫ 1
−1
dx˜
∫ +∞
√
1−x˜2
dz˜ +
(∫ +∞
1
+
∫ −1
−m˜
)
dx˜
∫ +∞
0
dz˜
]
ω˜ − 2 ˜Ek
(ω˜ − 2 ˜Ek)2 + η˜2
x˜2
(x˜2 + z˜2)2 , (21)
and
C⊥−+ =

∫ 1
−1
dx˜
∫ +∞
√
1−x˜2
dz˜ +
∫ −1
−m˜
dx˜
∫ +∞
0
dz˜ +
∫
˜Λ
1
dx˜
∫
˜Λ
0
dz˜

1
8π2
ω˜ − 2 ˜Ek
(ω˜ − 2 ˜Ek)2 + η˜2
(x˜ + m˜)z˜2
(x˜2 + z˜2)2 , (22)
To suppress the formalism, let us define
CzT = C
z
+− + Cz−+,
C⊥T = C⊥+− + C⊥−+. (23)
Now we can made an expansion in ω˜ and obtain the following
analytic results:
CzT = −
1
16π2 ˜B
[
(π
2
− 23m˜ ) + (
π
24
− 2
45m˜3 )ω˜
2
]
,
C⊥T = −
1
8π2
[(
C1(m˜) + f ( ˜Λ)
)
+
(
π
24
+
1
180m˜2
)
ω˜2
]
, (24)
where C1(m˜) = πm˜2 − log m˜3 +C, with C = 13√2 −
1
3 − arc sinh 1 =
−0.98, and f ( ˜Λ) = arc sinh ˜Λ− ˜Λ√
1+ ˜Λ2
. We remark that f ( ˜Λ) is
a monotonically increasing function, and f ( ˜Λ) ∼ log ˜Λ when
˜Λ is large79.
Now that the polarizability P(q, ω) have both the intraband
part and the interband part, we would like to quantify their
ratio by
Γz(ω˜) = |C
z
++
CzT
|,
Γ⊥(ω˜) = |C
⊥
++
C⊥T
|. (25)
As long as Γz and Γ⊥ >> 1, the intraband contribution P++
dominates. As shown in Fig.(2), when ω˜ << 2, both Γz and
Γ⊥ >> 1, which indicates that the intraband process domi-
nates the polarizability. On the other hand, if ω˜ → 2, then the
interband contribution is comparable to the intraband process.
It is interesting to note that the value of m˜ have opposite effect
in the z-direction and the in-plane directions. As we increase
m˜, the region of ω˜ for which Γz < 1 expands, while the region
for which Γ⊥ < 1 shrinks.
Because the interband contributions has opposite sign to the
intraband contribution, i.e. they are negative, Γz < 1 or Γ⊥ < 1
indicates the absence of plasmonic modes in the respective
directions (see the next section).
III. PLASMON FREQUENCY
Based on the results above, the total polarization function
P(q → 0, ω) in the region 0 < ω˜ < 2 is given as
P(q → 0, ω) = (1 − Γ−1⊥ )C⊥++q2⊥ + (1 − Γ−1z )Cz++q2z
=
(1 − Γ−1⊥ )
4π
EFm
ω2
q2⊥ +
(1 − Γ−1z )
8π
EF
Bω2
q2z .(26)
Inserting this equation into the RPA equation, Eq.(6), with
v(q) = 4πe2
κq2 , we obtain the plasmon frequency
ωp,⊥ =
√
(1 − Γ−1⊥ )e2m
κ
√
EF ,
ωp,z =
√
(1 − Γ−1z )e2
2Bκ
√
EF . (27)
Defining the fine structure constant αs = e2/κ, we have ωp,⊥ =√
(1 − Γ−1⊥ )αsm
√
EF and ωp,z =
√
(1−Γ−1z )αs
2B
√
EF , which are in
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FIG. 2: (a) Γz-vs-ω˜. From red line to blue line, m˜ = 1, 2, 3, 4, 5. (b)
Γ⊥-vs-ω˜, the color labeling scheme is the same as (a). For both (a)
and (b), ˜Λ = 10, and the dashed line corresponds to Γz(⊥) = 1.
fact a self-consistent equation because Γ⊥ and Γz themselves
are functions of ω and EF . More explicitly, and in terms of
the dimensionless quantities,
ω˜p,⊥ =
√
(1 − Γ−1⊥ (ω˜p,⊥))αsm˜,
ω˜p,z =
√
(1 − Γ−1z (ω˜p,z))αs
2 ˜B
, (28)
We shall focus on the EF < m regime, which is the most
interesting regime, since we are most concerned with the
physics dominated by the nodal line (When EF > m, the topol-
ogy of the Fermi surface is no longer a torus). When EF < m,
the electron density can be obtained as
n =
E2F
8πB , (29)
therefore, we obtain
ωp,⊥ =
(√√
8πB(1 − Γ−1⊥ )αsm
)
n1/4,
ωp,z =

√√
2π
B
(1 − Γ−1z )αs
 n1/4. (30)
The dependence of ωp,⊥ and ωp,z for two sets of parameters
are shown in Fig.3.
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FIG. 3: The ω-vs-n plot and the ratios among the relevant frequen-
cies, for two values of B: B = 1 for (a)(b), and B = 0.2 for (c)(d).
Common parameters: αs = 0.1, m = 1, Λ = 10m, EF is varied from
0.03 to 1. Here ωp,x(y) and ωp,z denote the plasmon frequencies cal-
culated self-consistently (see the text), while ωo,x(y) and ωo,z denote
the plasmon frequencies determined by taking into account only the
intraband part of the polarizability, i.e., Γ−1⊥(z) is set to zero. From (b)
and (d), it is clear that ωo/ωp ≈ 1 as long as n is not very small,
therefore, it is accurate to omit the interband contribution for most of
the values of n.
5It is readily seen that
ωp,⊥
ωp,z
=
√
2Bm
√
(1 − Γ−1⊥ )
(1 − Γ−1z )
. (31)
If the contribution from interband process can be neglected,
i.e., Γ−1⊥(z) is taken as zero, then it is found that
ωp,⊥ =
(√√
8πBαsm
)
n1/4,
ωp,z =

√√
2π
B
αs
 n1/4, (32)
The ωp ∼ n1/4 law of plasmon frequency is among the central
results of this paper. As shown in Fig.3 and Fig.4, the self-
consistently determined plasmon frequency agrees with the
ωp ∼ n1/4 law as long as the doping level is not very low.
It is well known that the plasmon frequency follows the n1/2
law in an ordinary electron liquid, and it has also been found
that the plasmon frequency of a massless Dirac electron liquid
follows the n1/3 law76. In contrast to these materials, we find
a ωp ∼ n1/4 law for the plasmon in the nodal line semimetals.
In very low doping regime, i.e., n, or say EF , is quite small,
from Fig.3(b)(d) we can already see that the interband effect
becomes important, consequently, the power-law relation will
deviate from the ωp ∼ n1/4 law which holds in most doping
regime. To see this more explicitly, we consider the very low
doping regime where m˜ >> 1, ˜B << 1 and derive the analytic
expressions of the plasmon frequencies. As m˜ >> 1, ˜B << 1,
from Eq.(30), it is readily seen that the condition for existence
of self-consistent solution in the regime 0 < ω˜ < 2 puts the
following constraints on Γp,⊥ and Γp,z:
1 − 4
αsm˜
< Γ−1p,⊥ < 1,
1 − 8
˜B
αs
< Γ−1p,z < 1. (33)
In the very low doping regime, the two constraints indicates
that both Γp,⊥ and Γp,z goes to 1. With the assumption that
Λ/m is fixed and m˜ >> 1/ ˜B, a combination of Eq.(9), Eq(10),
Eq.(24), Eq.(25) and Eq.(28) gives the self-consistent solu-
tions, to the first order of the two small quantities 1/αsm˜ and
˜B/αs (details are given in Appendix C):
ω˜p,⊥ = ω˜⊥,c −
ω˜3⊥,c
2
1
αsm˜
,
ω˜p,z = ω˜z,c −
24ω˜z,c
7
˜B
αs
(34)
with ω˜⊥,c = 2/
√
1 + (2 log( ˜Λ)/πm˜) ≈ 2 and ω˜z,c =√
2(√21 − 3) ≈ 1.78. With the quite small first order term ne-
glected, Eqs.(34) indicate that in the very low doping regime,
ωp,⊥(z) ∼ EF ∼ n1/2. (35)
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FIG. 4: The logωp-log n plot. Common parameters: α = 0.1, mB =
5, m2 = 8πB, Λ/m = 10, and n = (EF/m)2. The red solid lines are
the self-consistent solution of the plasmon frequencies. The green
dashed lines are the fitting to Eq.(34) (the n1/2 power-law), while the
blue dash-dot lines are the fitting to Eq.(32) (the n1/4 power-law). We
can see that the plasmon frequencies crossovers from the n1/2 law in
the regime of very small doping to the n1/4 law in the regime of larger
doping.
To be more quantitative, we perform numerical calculations
of the original Eq.(28) for a broad range of of n, and fit
the plasmon frequencies to Eq.(32) and Eq.(34) [see Fig.4].
In the very low density regime, log(ωp,⊥) and log(ωp,z) are
well fitted by the green dashed lines whose slope is 1/2, in-
dicating ωp,⊥(z) ∼ n1/2; while in the regime log(n) & −2,
i.e., EF/m & 0.1, both log(ωp,⊥) and log(ωp,z) are well fit-
ted by the blue dash-dot lines whose slope is 1/4, indicat-
ing ωp,⊥(z) ∼ n1/4. In other words, the plasmon frequencies
crossovers from the n1/2 law in the regime of very small dop-
ing, for which the interband contribution is important, to the
n1/4 law in the regime of larger doping, for which the intra-
band contribution dominates.
Finally, we remark that the plasmon frequency is also pro-
portional to n1/4 in graphene77, however, there is a major dif-
ference between the plasmon in the graphene and that in the
nodal line semimetal. For the graphene, the plasmon is a gap-
less mode in the long wavelength limit (Its frequency is pro-
portional to n1/4q1/2); for the latter, the plasmon is gapped.
The difference has a simple origin. Although the Coulomb
potential takes the same real-space form of 1/r in both the
case of graphene in two dimensions and the case of nodal line
6semimemetal in three dimensions, it is quite different in the
momentum space (q-space): in three dimensions the q-space
Coulomb potential is v3d(q) ∝ q−2, while in two-dimensions
it is v2d(q) ∝ q−1. The plasmon frequencies determined by
Eq.(6) is thus significantly different in two-dimensions and
three-dimensions, in particular, the two-dimensional plasmon
is gapless, while the three-dimensional plasmon is gapped.
IV. CONCLUSIONS
In conclusion, we have studied the plasmon modes in the
nodal line semimetals. The dependence of plasmon frequency
on the electron density generally follows a ωp ∼ n1/4 law in
the regime of modest doping, in contrast to the ordinary elec-
tron liquids and the Dirac/Weyl electron liquids. In the regime
of very small doping, for which the interband contribution is
important, this ωp ∼ n1/4 law crossovers to a ωp ∼ n1/2 law.
The unique features of plasmons will be useful in identifying
topological nodal line semimetals using the plasmonics meth-
ods.
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Appendix A: Calculations of the polarizability
The interband contribution ReP++(q, ω) can be obtained as
follows:
ReP++(q → 0, ω)
= Re
 12v
∑
k
f (Ek+q) − f (Ek)
ω + Ek+q − Ek + iη (1 + cos 2δθkq)

= Re
 12v
∑
k
Θ(EF − Ek+q) − Θ(EF − Ek)
ω + Ek+q − Ek + iη (1 + cos 2δθkq)

≃ −1
v
∑
k
δ(EF − Ek) ∂Ek∂kβ qβ
ω + ∂Ek
∂kγ qγ
≃ −1
v
∑
k
(1 − ∂Ek
∂kβ
qβ
ω
)∂Ek
∂kγ
qγ
ω
δ(EF − Ek)
=
∫ d3k
(2π)3 (4[
B2k2x
E2F
q2x
ω2
+
B2k2y
E2F
q2y
ω2
](m − Bk2⊥)2 +
k2z
E2F
q2z
ω2
) EFkz,0
×(δ(kz − kz,0) + δ(kz + kz,0))Θ(E2F − (m − Bk2⊥)2)
=
∫ ∞
0
dk2⊥
4π2
(2B
2k2⊥
E2F
q2⊥
ω2
(m − Bk2⊥)2 +
(E2F − (m − Bk2⊥)2)
E2F
q2z
ω2
)
× EF√
E2F − (m − Bk2⊥)2
Θ(E2F − (m − Bk2⊥)2)
=
∫ ∞
0
dx
4π2
(2x(x − m)
2
E2F
q2⊥
ω2
+
(E2F − (m − x)2)
E2F
q2z
Bω2
)
× EF√
E2F − (m − x)2
Θ(E2F − (m − x)2)
=
∫ ∞
−m
dy
4π2
(2(y + m)y
2
E2F
q2⊥
ω2
+
(E2F − y2)
E2F
q2z
Bω2
)
× EF√
E2F − y2
Θ(E2F − y2) (A1)
For the simplicity of notation, we have defined kz,0 =√
E2F − (m − Bk2⊥)2, x = Bk2⊥, and y = x − m. When two
subscripts are same, the Einstein summation convention is as-
sumed.
When EF < m, we obtain
ReP++(q → 0, ω)
=
∫ +EF
−EF
dy
4π2
(4(y + m)y
2
2E2F
q2⊥
ω2
+
(E2F − y2)
E2F
q2z
Bω2
) EF√
E2F − y2
=
∫ +π/2
−π/2
dθ
4π2
EF (2(EF sin θ + m) sin2 θ
q2⊥
ω2
+ cos2 θ
q2z
Bω2
)
=
1
8π (
2EFmq2⊥
ω2
+
EFq2z
Bω2
)
= C⊥++q2⊥ +Cz++q2z (A2)
with C⊥++ =
E2F m˜
4πω2 and C
z
++ =
E2F
8πω2 ˜B .
When EF > m, we obtain
ReP++(q → 0, ω)
=
∫ +EF
−m
dy
4π2
(4(y + m)y
2
2E2F
q2⊥
ω2
+
(E2F − y2)
E2F
q2z
Bω2
) EF√
E2F − y2
=
∫ +π/2
− arcsin mEF
dθ
4π2
(2(EF sin θ + m)EF sin2 θ q
2
⊥
ω2
+ EF cos2 θ
q2z
Bω2
)
=
1
4π2
(g1( mEF )
E2Fq
2
⊥
ω2
+ g2( mEF )
EFmq2⊥
ω2
+ g3( mEF )
EFq2z
Bω2
), (A3)
where g1,2,3 are three dimensionless functions with
g1(x) = 23
√
1 − x2(2 + x2),
g2(x) = 12
(
π
2
+ arcsin x − x
√
1 − x2
)
g3(x) = 12
(
π
2
+ arcsin x + x
√
1 − x2
)
(A4)
Appendix B: Electron density
The density of conduction-band electron is given by
n =
∫ d3k
(2π)3 θ(EF − Ek)
7=
1
(2π)2
∫ +∞
0
k⊥dk⊥
∫ √E2F−(m−Bk2⊥)2
−
√
E2F−(m−Bk2⊥)2
dkzθ(EF − |m − Bk2⊥|)
=
1
(2π)2
∫ +∞
0
dk2⊥
√
E2F − (m − Bk2⊥)2θ(EF − |m − Bk2⊥|)
=
1
(2π)2
∫ +∞
−m
dx
√
E2F − x2
B
θ(EF − |x|) (B1)
when EF < m,
n =
1
(2π)2
∫ +EF
−EF
dx
√
E2F − x2
B
=
1
(2π)2
∫ +π/2
−π/2
dθ
E2F
B
cos2 θ
=
E2F
8πB (B2)
when EF > m,
n =
1
(2π)2
∫ +π/2
− arcsin mEF
dθ
E2F
B
cos2 θ
=
E2F
8πB[
1
2
+
arcsin(m/EF)
π
+
m
πEF
√
1 − (m/EF)2].(B3)
Appendix C: Derivation details of Eq.(34)
In this appendix we provide the derivation of ω˜p,z in the
low doping regime [Eq.34)]. Taking advantage of the require-
ment that Γp,z goes to 1 in the very low doping regime where
m˜ >> 1, ˜B << 1, a combination of Eq.(9), Eq(10), Eq.(24)
and Eq.(25) in the main text leads to
Γ−1p,z =
1
4
ω˜2p,z[1 −
4
3πm˜ + (
1
12
− 4
45πm˜3 )ω˜
2
p,z] → 1, (C1)
Since m˜ >> 1 in the low doping regime, all terms containing
m˜ can be neglected, and Eq.(C1) reduces to
ω˜2p,z(1 +
1
12
ω˜2p,z) → 4, (C2)
A straightforward calculation gives ω˜p,z → ω˜z,c =√
2(√21 − 3) ≈ 1.78.
To satisfy the self-consistent condition Eq.(28) in the main
text, both ω˜p,z and Γ−1p,z should be kept to first order of ˜B/αs.
Suppose that ω˜p,z takes the form of
ω˜p,z = ω˜z,c + β
˜B
αs
, (C3)
where β is a constant to be determined. Bringing this form
back to Eq.(28), we find
Γ−1p,z = 1 − 2ω˜2z,c
˜B
αs
+ O((
˜B
αs
)2), (C4)
As ˜B/αs << 1, the second order term can be safely neglected.
We can see that Γ−1p,z in Eq.(C4) satisfies the requirement given
in Eq.(33). To determine the concrete value of β, we bring
Eq.(C3) and Eq.(C4) back into Eq.(C1) and find that
β = −24ω˜z,c
7
. (C5)
Therefore, for ˜B/αs << 1, the self-consistent solution to the
first order of ˜B/αs << 1 is given as
ω˜p,z = ω˜z,c −
24ω˜z,c
7
˜B
αs
. (C6)
Similar procedures for ωp,⊥ gives, to the first order of 1/αsm˜,
Γ−1p,⊥ = 1 − ω˜2⊥,c
1
αsm˜
,
ω˜p,⊥ = ω˜⊥,c −
ω˜3⊥,c
2
1
αsm˜
(C7)
with ω˜⊥,c = 2/
√
1 + (2 log( ˜Λ)/πm˜) ≈ 2.
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